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It is shown that the Hurwitz transformation connects the eight-dimensional repulsive oscillator problem with
the five-dimensional Coulomb problem for continuous spectrum. The hyperspherical and parabolic bases for this
system are calculated. The quantum mechanical scattering problem of charged particles in the 5-dimensional
Coulomb field is solved.
1 Introduction
It is known [1, 2] that the eight-dimensional isotropic oscillator [3] with constraint is dual to the five-
dimensional Coulomb problem in the discrete spectrum. This property is a particular case of a more
general statement which says that the eight-dimensional isotropic oscillator (without additional con-
straint)is dual to the five-dimensional non-Abelian Yang monopole [4, 5, 6]. Similarly, it is possible
to show that the eight-dimensional repulsive oscillator (U = −µω2r2/2) with constraint is dual to the
five-dimensional Coulomb problem in the continuous spectrum. This fact, just as for the bound states,
later was named the Coulomb-oscillator duality. Due to the so(5, 1) hidden symmetry the Coulomb
problem can be factorized not only in hyperspherical but also in parabolic coordinates. The presence
of the parabolic basis makes possible to construct the scattering theory for the charged particle in the
five-dimensional Coulomb field. But the dyon-oscillator duality is inherent not only in the IR8 → IR5
mapping but also in the mappings IR1 → IR1, IR2 → IR2, and IR4 → IR3. As a result, we obtain one- and
two-dimensional anions in the first two cases [7, 8] and the Dirac’s monopole in the third [9, 10, 11].
This article has the following structure. In section 2 it is shown that the eight-dimensional repulsive
oscillator is dual to the five-dimensional Coulomb problem for the continuous spectrum. Section 3 presents
the wave functions in five-dimensional hyperspherical and parabolic coordinates. In section 4 the quantum
mechanical problem of the scattering of the charged particle in the five-dimensional Coulomb field is
considered. The formulae for the amplitude scattering and cross section are calculated.
2 Coulomb-oscillator duality
Let us consider the Hurwitz transformation [1]:
x0 = u
2
0 + u
2
1 + u
2
2 + u
2
3 − u24 − u25 − u26 − u27,
x2 + ix1 = 2 [(u0 + iu1) (u5 + iu4) + (u2 − iu3) (u7 − iu6)] , (2.1)
x4 + ix3 = 2 [(u0 + iu1) (u7 + iu6) + (u2 − iu3) (u5 − iu4)] .
Here uµ (µ = 0, 1, ..., 7) are the coordinates of the space IR
8(~u), and xi (i = 0, 1, ...4), of the space IR
5(~x).
It is easily seen from (2.2) that the following equality holds:
u4 =
(
u20 + u
2
1 + · · ·+ u27
)2
= x20 + x
2
1 + · · ·+ x24 = r2, (2.2)
which is called the Euler identity. According to [1], the connection of the Laplace operators in the spaces
IR8 and IR5 has the form
∆8 = 4r∆5 − 4
r
Jˆ2, (2.3)
1
where Jˆ2 = Jˆ21 + Jˆ
2
2 + Jˆ
2
3 , and
Jˆ1 =
i
2
(
u1
∂
∂u0
− u0 ∂
∂u1
+ u3
∂
∂u2
− u2 ∂
∂u3
+ u5
∂
∂u4
− u4 ∂
∂u5
+ u7
∂
∂u6
− u6 ∂
∂u7
)
,
Jˆ2 =
i
2
(
u2
∂
∂u0
− u3 ∂
∂u1
− u0 ∂
∂u2
+ u1
∂
∂u3
− u6 ∂
∂u4
+ u7
∂
∂u5
+ u4
∂
∂u6
− u5 ∂
∂u7
)
, (2.4)
Jˆ3 =
i
2
(
u3
∂
∂u0
+ u2
∂
∂u1
− u1 ∂
∂u2
− u0 ∂
∂u3
− u7 ∂
∂u4
− u6 ∂
∂u5
+ u5
∂
∂u6
+ u4
∂
∂u7
)
.
Using the explicit form of the operators one can prove by a direct calculation that the operators Jˆ1, Jˆ2
and Jˆ3 satisfy the commutation relations[
Jˆa, Jˆb
]
= iǫabcJˆc,
where a, b and c are equal 1, 2 and 3, respectively.
Now let us connect the eight-dimensional problem of repulsive oscillator(
− h¯
2
2µ
∆8 − µω
2u2
2
)
ψ(~u) = Eψ(~u) (2.5)
with the five-dimensional Coulomb problem. Since, the operators Jˆa are independent of the coordinates
xi, we can represent the wave function ψ(~u) of the eight-dimensional repulsive oscillator in the following
factorized form
ψ(~u) = ψ(~r)Φ(Ωa), (2.6)
where Ωa denotes the angles, on which the operators Jˆa depend, and Φ(Ωa) is the eigenfunction of the
operator Jˆ2, i.e.
Jˆ2Φ(Ωa) = J(J + 1)Φ(Ωa). (2.7)
Here J(J + 1) are the eigenvalues of the operator Jˆ2. Now, substituting (2.3) into (2.5) and taking into
account (2.7) we arrive at the equation[
− h¯
2
2µ
∆5 − e
2
r
+
h¯2
2µr2
J(J + 1)
]
ψ(~r) = εψ(~r), (2.8)
where ε = µ0ω
2/8 and 4e2 = E. Thus, we obtain that the eight-dimensional repulsive oscillator is dual to
the infinite number of five-dimensional Coulomb systems with additional terms 1/r2 and with coupling
constant h¯2J(J + 1)/2µ. At J = 0 we arrive at the equation for the ordinary Coulomb problem:(
− h¯
2
2µ
∆5 − e
2
r
)
ψ(~r) = εψ(~r), (2.9)
The condition J = 0 is equivalent to requirement Jˆaψ(~u) = 0. Moreover, it follows from (2.2) that ψ(~x)
is the even function of variables u
ψ (~x(−~u)) = ψ (~x(~u)) . (2.10)
3 Hyperspherical and parabolic bases
Let us introduce the five dimensional hyperspherical coordinates in IR5 as follows:
x0 = r cos θ
x2 + ix1 = r sin θ sin
β
2
ei
α−γ
2 (3.1)
x4 + ix3 = r sin θ cos
β
2
ei
α+γ
2 ,
2
where r ∈ [0,∞), θ ∈ [0, π], α ∈ [0, 2π), β ∈ [0, π], γ ∈ [0, 4π). In this coordinates the differential elements
of length, volume and Laplace operator have the form
dl25 = dr
2 + r2dθ2 +
r2
4
sin2 θ
(
dα2 + dβ2 + dγ2 + 2 cosβdαdγ
)
, (3.2)
dV5 =
r4
8
sin3 θ sinβdrdθdαdβdγ, (3.3)
∆5 =
1
r4
∂
∂r
(
r4
∂
∂r
)
+
1
r2 sin3 θ
∂
∂θ
(
sin3 θ
∂
∂θ
)
− 4Lˆ
2
r2 sin2 θ
, (3.4)
where
Lˆ2 = −
[
∂2
∂β2
+ cotβ
∂
∂β
+
1
sin2 β
(
∂2
∂α2
− 2 cosβ ∂
2
∂α∂γ
+
∂2
∂γ2
)]
. (3.5)
The components of the momentum operator Lˆ have the form
Lˆ1 = i
(
cosα cotβ
∂
∂α
+ sinα
∂
∂β
− cosα
sinβ
∂
∂γ
)
Lˆ2 = −i
(
sinα cotβ
∂
∂α
− cosα ∂
∂β
− sinα
sinβ
∂
∂γ
)
(3.6)
Lˆ3 = i
∂
∂α
, Lˆ′3 = i
∂
∂γ
,
The solution of the equation (2.9) in hyperspherical coordinates (3.2) has the following form
ψkλLmm′ (r, θ, α, β, γ) =
√
2L+ 1
2π2
Rkλ (r)ZλL (θ)D
L
mm′ (α, β, γ) , (3.7)
where Wigner D-function, normalized by the condition
1
8
∫ ∣∣DLmm′ (α, β, γ)∣∣2 sinβdαdβdγ = 2π22L+ 1 (3.8)
is the eigenfunction of the set commuting operators Lˆ2, Lˆ3 and Lˆ3′ [12]. The function ZλL (θ) is given
by the formula [13]
ZλL (θ) = 2
2L+1Γ
(
2L+
3
2
)√
(2λ+ 3)(λ− 2L)!
2π(λ+ 2L+ 2)!
(sin θ)2LC
2L+3/2
λ−2L (cos θ) , (3.9)
where Cλn(x) are Gegenbauer polynomials, and quantum number λ assumes the values λ = 2L, 2L+1, . . . .
The radial wave function for the continuous spectrum has the form
Rkλ(r) = Ckλ
(2ikr)λ
(2λ+ 3)!
e−ikrF
(
λ+ 2 +
i
ak
; 2λ+ 4; 2ikr
)
, (3.10)
where k =
√
2µǫ/h¯, and a = h¯2/µe2 is the Bohr radius.
The representation for the confluent hypergeometric function is [14]
F (a; c; z) =
Γ(c)
Γ(c− a) (−z)
−aG (a; a− c+ 1;−z) + Γ(c)
Γ(a)
ezza−cG (c− a; 1− a; z) , (3.11)
where
G (a; c; z) = 1 +
ac
1!z
+
a(a+ 1)c(c+ 1)
2!z2
+ · · · , (3.12)
3
makes it possible to obtain the following expression for Rkλ(r):
Rkλ(r) = Ckλ
(−i)λ
2k2r2
e−pi/2akℜe
{
e−i[kr−
pi
2
(λ+2)+ 1
ak
ln 2kr]
Γ
(
λ+ 2− iak
) G(λ+ 2− i
ak
;
i
ak
− λ− 1;−2ikr
)}
. (3.13)
The normalization constant Ckλ is
Ckλ = (−i)λ4k2epi/2ak
∣∣∣∣Γ
(
λ+ 2− i
ak
)∣∣∣∣ . (3.14)
if the normalization condition for the radial wave function is
∞∫
0
r4R∗k′λ(r)Rkλ(r)dr = 2πδ (k − k′) . (3.15)
If we now let r → ∞ in formula (3.13) and restrict ourselves to the first term of the expansion, we
obtain the asymptotic expression
Rkλ(r) ≈ 2
r2
sin
[
kr +
1
ak
ln 2kr − π
2
(λ+ 1) + δλ
]
(3.16)
for the radial wave function Rkλ(r), where
δλ = arg Γ
(
λ+ 2− i
ak
)
. (3.17)
Now, we define the parabolic coordinates in IR5 as
x0 =
1
2
(ξ − η) , x2 + ix1 =
√
ξη sin
β
2
ei
α−γ
2 , x4 + ix3 =
√
ξη cos
β
2
ei
α+γ
2 , (3.18)
where ξ, η ∈ [0,∞). The differential elements of length and volume and Laplace operator in the terms of
these coordinates can be written as
dl25 =
ξ + η
4
(
dξ2
ξ
+
dη2
η
)
+
ξη
4
(
dβ2 + dα2 + 2 cosβdαdγ + dγ2
)
(3.19)
dV5 =
ξη
32
(ξ + η) sinβdξdηdβdαdγ (3.20)
∆5 =
4
ξ + η
[
1
ξ
∂
∂ξ
(
ξ2
∂
∂ξ
)
+
1
η
∂
∂η
(
η2
∂
∂η
)]
− 4
ξη
Lˆ2 (3.21)
Then the equation (2.9) in the parabolic coordinates (3.18) has the form{
4
ξ + η
[
1
ξ
∂
∂ξ
(
ξ2
∂
∂ξ
)
+
1
η
∂
∂η
(
η2
∂
∂η
)
− 4Lˆ
2
ξη
]}
ψ +
2µ
h¯2
(
ε+
2e2
ξ + η
)
ψ = 0. (3.22)
After the substitution
ψ (ξ, η, α, β, γ) = Φ1(ξ)Φ2(η)D
L
mm′(α, β, γ), (3.23)
the variables in Eq.(3.22) are separated, and we arrive at the set of differential equations
1
ξ
d
dξ
(
ξ2
dΦ1
dξ
)
+
[
k2
4
ξ − L(L+ 1)
ξ
+
√
µ
2h¯
Ω+
1
2a
]
Φ1 = 0
(3.24)
1
η
d
dη
(
η2
dΦ2
dη
)
+
[
k2
4
η − L(L+ 1)
η
−
√
µ
2h¯
Ω+
1
2a
]
Φ2 = 0,
4
where Ω is the parabolic separation constant. The function ψ (ξ, η, α, β, γ) normalized by the condition
1
4
∫
ψ∗k′Ω′L1m1m′1
ψkΩLmm′ξη(ξ + η)dξdη = 2πδ (k − k′) δ (Ω− Ω′) δLL1δmm1δm′m′1 (3.25)
leads to the parabolic basis
ψkΩLmm′ (ξ, η, α, β, γ) =
√
2L+ 1
2π2
kΩLΦkΩL(ξ)Φk−ΩL(η)D
L
mm′(α, β, γ), (3.26)
where
ΦkΩL(x) =
(ikx)L
(2L+ 1)!
e−ikx/2F
(
L+ 1+
i
2ak
+
i
√
µ
2h¯k
Ω; 2L+ 2; ikx
)
, (3.27)
CkΩL = (−1)L
√
h¯2k3
2πµ
e
pi
2ak
∣∣∣∣Γ
(
L+ 1− i
2ak
− i
√
µ
2h¯k
Ω
)
Γ
(
L+ 1− i
2ak
+
i
√
µ
2h¯k
Ω
)∣∣∣∣ . (3.28)
We calculate the normalization constant CkΩL using the representation (3.11).
4 The 5-dimensional generalization of the Rutherford’s formula
We now consider the scattering problem of a charged particle in the five-dimensional Coulomb field.
Since the motion in Coulomb field of arbitrary dimensions d ≥ 3 is two-dimensional problem, the wave
function is independent of the angles α, β and γ, i.e. independent of the quantum numbers L, m and m′.
Substituting L = 0 in Eqs. (3.25), we obtain
1
ξ
d
dξ
(
ξ2
dΦ1
dξ
)
+
[
k2
4
ξ +
√
µ
2h¯
Ω+
1
2a
]
Φ1 = 0
(4.1)
1
η
d
dη
(
η2
dΦ2
dη
)
+
[
k2
4
η −
√
µ
2h¯
Ω+
1
2a
]
Φ2 = 0,
We seek such solutions of Eqs. (4.2) that the solution of the Schro¨dinger equation for negative
x0 ∈ (−∞; 0) and large r →∞ has the form of a flat wave:
ψkΩ(ξ, η) ∼ eikx0 = e ik2 (ξ−η). (4.2)
This condition can be satisfied if we set the parabolic separation constant equal to
Ω = − h¯
a
√
µ
− i2h¯k√
µ
. (4.3)
Substituting this relation in Eqs. (4.2), we obtain a solution of the Schro¨dinger equation that describes
the scattering of a charged particle in the five-dimensional Coulomb field:
ψk(ξ, η) = ke
ik
2
(ξ−η)F
(
i
ak
; 2; ikη
)
, (4.4)
where Ck is the normalization constant. To separate the incident and scattered waves in function (4.4),
we must investigate the behavior of this function at large distances from the scattering center. Using the
first two terms in representation (3.11) for a confluent hypergeometric function, we obtain
F
(
i
ak
; 2; ikη
)
≈ e− pi2ak
[
e−
i
ak
ln kη
Γ
(
2− iak
) (1 + 1 + iak
ia2k3η
− 1 + a
2k2
2a4k6η2
)
− i(ak + i)
Γ
(
2 + iak
) eikη
a2k4η2
e
i
ak
ln kη
]
. (4.5)
5
for the large η. We now substitute this relation in wave function 4.4) and select the normalization constant
Ck in the form
Ck = e
pi/2akΓ
(
2− i
ak
)
(4.6)
for the incident wave to have a unit amplitude. Using the formulae r = (ξ + η)/2 and η = r − x0 =
r(1 − cos θ) to change to spherical coordinates, we obtain
ψk(ξ, η) =
[
1 +
ak − i
2a2k3r sin2 θ/2
]
exp
[
ikx0 − i
ak
ln
(
2kr sin2
θ
2
)]
+ (4.7)
+
f(θ)
r2
exp
[
ikr +
i
ak
ln (2kr)
]
, (4.8)
where f(θ) is the scattering amplitude,
f(θ) =
(1− iak)
4a2k4 sin2 θ/2
Γ (2− i/ak)
Γ (2 + i/ak)
exp
(
2i
ak
ln sin
θ
2
)
. (4.9)
Therefore, for the scattering cross section dσ = |f(θ)|2 dΩ (dΩ is the element of the solid angle), we
obtain the formula
dσ =
1 + a2k2
16a4k8 sin8 θ/2
dΩ, (4.10)
which generalizes the Rutherford’s formula in five-dimensional case.
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